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Abstract 

In this paper, for every one-dimensional formal group F we formulate and 
study a notion of vertex F-algebra and a notion of ^-coordinated module for 
^ a vertex F-algebra where (j) is what we call an associate of F. In the case 

^ . that F is the additive formal group, vertex F-algebras are exactly ordinary 

vertex algebras. We give a canonical isomorphism between the category of 
vertex F-algebras and the category of ordinary vertex algebras. Meanwhile, 
for every formal group we completely determine its associates. We also study 
^-coordinated modules for a general vertex Z-graded algebra V with <j) spe- 
' cialized to a particular associate of the additive formal group and we give 

a canonical connection between F-modules and (/)-coordinate modules for a 
r~| , vertex algebra obtained from V by Zhu's change-of-variables theorem. 

a 

1 Introduction 

^ ■ In a series of papers (see |Li3] . |Li4] . |Li6] . |Li7] . |Li9] ). we have been extensively 

^ : investigating various vertex algebra-like structures naturally arising from Yangians 

and quantum afiine algebras. One of the main goals is to solve the problem (see 
|FJ] . |EFK] ) . to associate "quantum vertex algebras" to quantum affine algebras. 
^ ■ Partly motivated by Etingof-Kazhdan's theory of quantum vertex operator algebras 

^ ■ (see |EK] ). in |Li3] we developed a theory of (weak) quantum vertex algebras and 

we established a conceptual construction of weak quantum vertex algebras and their 
modules. To associate weak quantum vertex algebras to quantum affine algebras, 
I in |Li9] we furthermore developed a theory of what we called 0-coordinate quasi 

I modules for weak quantum vertex algebras and estabUshed a general construction, 

^ where is what we called an associate of the one-dimensional additive formal group. 

In this paper, we continue to formulate and study notions of nonlocal vertex 
F-algebra and vertex F-algebra with F a one-dimensional formal group. It is shown 
that the category of vertex F-algebras is canonically isomorphic to the category of 
ordinary vertex algebras. We also study a notion of ^-coordinated quasi module for 
a vertex F-algebra V with (p an associate of F in the sense of |Li9] . and we show 
that the category of ^-coordinated quasi l^-modules is canonically isomorphic to the 
category of 0-coordinated quasi V^-modules, where is a certain ordinary vertex 
algebra and is a certain associate of the additive formal group. 
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In the following, we give a more detailed account of this paper. Let us start with 
the notion of vertex algebra, using one of several equivalent definitions (cf. |LLj ). 
A vertex algebra is a vector space V, equipped with a linear map 

Y{-,x) : V ^Rom{V,V{{x))) C (End\/)[[a;, x"^]] 

and equipped with a distinguished vector 1 E V, satisfying the following conditions: 

(I) Vacuum and creation property 

Y{l,x)v = v, Y{v,x)l E V[[x]] and \imY{v,x)l = v for v E V. 

(II) Weak commutativity : For u,v E V, there exists G N such that 

(xi - X2)''Y{u, Xi)Y{v, X2) = {xi - X2)''Y{v, X2)Y{u, Xi). (1.1) 

(III) Weak associativity: For u,v,w G V, there exists / G N such that 

{xo + X2fY{u, xq + X2)Y{v, X2)w = {xq + X2yY{Y{u, xo)v, X2)w. (1.2) 

Note that this weak associativity relation can be viewed as an algebraic version 
of what physicists often call operator product expansion, while the weak commu- 
tativity relation is a version of what physicists call locality. Taking out the weak 
commutativity axiom from the above definition, one arrives at the notion of what 
was called nonlocal vertex algebra in [Li3j . (Nonlocal vertex algebras are the same 
as weak Gi-vertex algebras in |Li2j and are also essentially field algebras in |BKj .) 
While vertex algebras are analogs of commutative associative algebras, nonlocal 
vertex algebras are analogs of noncommutative associative algebras. 

One-dimensional formal groups (over C) (cf. |Haj ) are formal power series 
F{x,y) G C[[x,?/]], satisfying 

F(x, 0) = X, F(0, y) = y, F(x, F(y, z)) = F(F(x, y),z), 

among which the simplest is the additive formal group -Fa(x, y) = x + y. What we 
called associates of a formal group F are formal series 0(x, z) G C((x))[[z]], satisfying 

0(X,O)=X, (f){(f){x,Zi),Z2) = 4>{x,F{zi,Z2)). (1.3) 

(To a certain extent, an associate of F to a formal group F is like a G-set to a group 
G.) Associates of Fa have been completely determined in [Li9j . where two particular 
examples are 0(x, z) = x + z = Fi^{x, z) and 0(x, z) = xe^. In this present paper, we 
furthermore have completely determined the associates of a general one-dimensional 
formal group F. 

Let F be a one- dimensional formal group. We define a notion of (nonlocal) vertex 
F-algebra by simply replacing X0+X2 (= Fa(xo, X2)) in the weak associativity relation 
(11. 2p with F(xo,X2), i.e., for u,v,w E V, there exists / G N such that 

F(xo,X2)'r(M,F(xo,X2))F (f , X2)w = F(xo, X2)''Y{Y{u, Xo)v, X2)w. (1.4) 
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Recall that the logarithm of the formal group F (cf. [Ha] ) is the unique series 
fix) e xC[[x]] such that /'(O) = 1 and f{F{x,y)) = f{x) + f{y). Let iV,Y,l) be 
a (resp. nonlocal) vertex algebra. For v E V, set Yp{v,x) = Y{v,f{x)). We show 
that (V, Yp, 1) is a (resp. nonlocal) vertex F-algebra. Furthermore, we show that 
this gives rise to a canonical isomorphism between the category of (resp. nonlocal) 
vertex algebras and the category of (resp. nonlocal) vertex F-algebras. 

Given a vertex F-algebra V, we define a notion of \^-module in the obvious way. 
More generally we define a notion of ^-coordinated \^-module with an associate 
of F, where the defining weak associativity relation reads as 

{{Xi - X2)''Y{u,Xi)Y{v,X2)) \xi=4,{x2,xo) = {(p{x2,xo) - X2)''Y(Y{u,Xo)v,X2), (1.5) 

where k is a certain nonnegative integer. Furthermore, we study a general con- 
struction of nonlocal vertex F-algebras and their 0-coordinated modules. Let W 
be a general vector space and set £{W) = B.om(W,W{{x))). Given an associate 
of F, for any pair {a{x),b{x)) in S{W), satisfying a certain condition, we define 
a{x)'^b{x) G £{W) for n G Z in terms of the generating function 

Y£{a{x),z)b{x) = ^ a(x)^6(x)2-"-i 

nGZ 

roughly by 

'T/(a(a;), z)b{x) = {a{xi)b{x)) U,=<^(.,.)." (1.6) 

(See Section 4 for the precise definition.) It is proved that every what we call 
compatible subset of £(W) generates a nonlocal vertex F-algebra with W as a. 
canonical 0-coordinated module. This generalizes the corresponding result of |Li3j . 

Interestingly, the notion of 0-coordinated module for vertex operator algebras 
has an intrinsic connection with Zhu's work on change-of-variables (also see the 
next paragraph). More specifically, let {V,Y,l,u) be a vertex operator algebra in 
the sense of |FLMj . For v E V, set y[f,a;] = Y{e^^^'^^v, — 1), where Y{uj,x) = 
J2n€:Z L{n)x~"'~^. Set uj = u — -^1, where c is the central charge of V. It was proved 
by Zhu (|Zlj. |Z2j : cf. |Lelj ) that (y,Y[-,x],l,u) carries the structure of a vertex 
operator algebra. Now, let (W, IV) be a K-module. For v E V, set 

Xw{v,z) = Yw{z^^^^v,z) G {EndW)[[z,z-% 

We show that {W, X]y) carries the structure of a 0-coordinated module with 0(x, z) = 
xe^ for the vertex operator algebra (V,y[-,x], l,a;). In fact, what we have done in 
this paper is more general with V a nonlocal vertex Z-graded algebra. 

In a series of papers (see |Le2] . |Le3] . |Le4] ) . Lepowsky has extensively studied the 
homogenized vertex operators Y{x^^^'^v, x) (with v E V) for a general vertex operator 
algebra V, and obtained a very interesting new type of Jacobi identity, incorporating 
values of the Riemann zeta function at negative integers. The substitution xi = X2e^ 
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and Zhu's work on change-of-variables have already entered into his study. The 
formal (unrigorous) relation (4.20) in |Le2j is inspirational for our introduction of the 
notion of 0-coordinated module in |Li9j and it is the main motivation of Proposition 
15.81 in the present paper. 

In |B2j . Borcherds studied a notion of vertex G-algebra, which generalizes the 
notion of vertex algebra significantly. It was pointed out therein that the ordinary 
vertex algebra theory was based on the one-dimensional additive formal group and 
there was a vertex algebra theory associated to every formal group. Presumably, 
(nonlocal) vertex F-algebras belong to the family of Borcherds' vertex G-algebras. 

There is a very interesting paper |Lo] . in which to any one-dimensional formal 
group, Loday associated a type of algebras, which is an operad. It was shown that for 
the additive formal group, the corresponding operad is that of associative algebras 
with derivation. It would be very interesting to relate |iLoj with the present paper. 

This paper is organized as follows: In Section 2, we study associates of one- 
dimensional formal groups. In Section 3, we study nonlocal vertex F-algebras and 
vertex F-algebras. In Section 4, we study ^-coordinated modules for nonlocal ver- 
tex F-algebras. In Section 5, we study ^-coordinated modules for nonlocal vertex 
algebras with specialized to (j){x, z) = xe^. 

2 Associates of one-dimensional formal groups 

In this section we first review the basics of one-dimensional formal groups and we 
then study what we called in |Li9] associates of a formal group. For every one- 
dimensional formal group, we completely determine its associates. 

In this paper, in addition to the standard notations Z, Q, R, and C for the integers, 
the rational numbers, the real numbers, and the complex numbers, respectively, we 
use N for the nonnegative integers. All vector spaces are assumed to be over C unless 
a different scalar field is specified otherwise. 

We now follow |Ha] to recall the basics of one-dimensional formal groups. 

Definition 2.1. Let i? be a commutative and associative ring with identity. A 
one- dimensional formal group over is a formal power series F[x,y) G 
satisfying 

F{x,0)=x, F{0,y) = y, F{x, F{y, z)) = F{F{x,y), z). (2.1) 

Throughout this paper, by a formal group we shall always mean a one-dimensional 
formal group. A formal group F{x, y) is said to be commutative if F{x, y) = F{y, x). 
A fact (see |Haj ) is that formal groups over R are all commutative unless R contains 
a nonzero element a such that a" = and na = for some positive integer n. 

Particular examples are the additive formal group 

F^{x, y) =x + y 
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and the multiplicative formal group 

Fm{x,y) =x + y + xy. 

Remark 2.2. Let i? be a commutative associative algebra over Q. Set 

G{R[[x]]) = {fix) e R[[x]] I /(O) = 0, /'(O) = 1}. (2.2) 

For f{x),g{x) G G(i?[[x]]), we have f{g{x)) G ^(/^[[x]]). Furthermore, G(i?[[x]]) is 
a group with respect to the composition operation. For f{x) G G(i?[[a;]]), denote 
the inverse of f{x) by f^^{x). 

Proposition 2.3. Let R be a commutative associative algebra over Q. Let f{x) G 
G{R[[x\]). Define 

F{x,y) = f-\f{x) + f{y))eR[[x,y]]. 

Then F{x, y) is a formal group over R. Furthermore, this association gives a bisec- 
tion between G{R[[x\\) and the set of formal groups over R. 

Definition 2.4. Assume that i? is a commutative associative algebra over Q. Let 
F{x,y) be a formal group over R. The logarithm of F, denoted by logF, is defined 
to be the unique power series f{x) G R[[x]] with /(O) = and /'(O) = 1 such that 

f{F{x,y)) = f{x) + f{y). (2.3) 

For the additive formal group and the multiplicative formal group we have 

log Fa = X, logF^ = log(l + x), (2.4) 

where by definition 

log(l + x) = ^(-l)«-iia;" G Q[[x]]. (2.5) 

n>l ^ 

All the basics mentioned above can be found from |Haj . 

For the rest of this paper, we restrict ourselves to formal groups over C. In this 
case, all (one-dimensional) formal groups are commutative. Recall the following 
notion from [Li9j : 

Definition 2.5. Let F{x,y) be a formal group over C. An associate of F{x,y) is a 
formal series 0(x, 2;) G C((x))[[2;]], satisfying 

^{x, 0) = X, 0(0(x, y),z) = (P{x, F{y, z)). (2.6) 

To a certain extent, an associate of F to a formal group F is like a G-set to a 
group G. Note that every formal group F{x, y) is an associate of itself. On the other 
hand, it can be readily seen that 0(a;, z) = x is an associate of every formal group. 

For the additive formal group Fa, we have the following explicit construction of 
associates due to |Li9] : 
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Proposition 2.6. For p{x) G C((x)), set 

n>0 ■ ^ ^ 

r/ien zs an associate of F^^. Furthermore, every associate of F^^ is of this 

form with p{x) uniquely determined. 

Using Proposition 12. 6[ we obtain particular associates of Fa: 

p(x) (•^5 ^) 

with p{x) = 0; (j)p(^x){x, z) = x + z with = 1; (f)p(^x){x, z) = xe^ with p{x) = x; 
'Pp{x){x, z) = x{l — zx)~^ with p{x) = x^. 

Remark 2.7. Let g{x) G G(C[[a;]]), i.e., g{x) G xC[[a;]] with g'{0) = 1. We have 

g{x)"^ G a;"'C[[a;]] for m G Z. 
For any h{x) = J2m>k (^mX^ ^ '^{{x)) (with k E Z, Om G C), we have 
h{g{x)) = J2 (^m9{xr e x''C[[x]] C C((x)). 

m>fc 

It is clear that the map sending h{x) G C((x)) to h{g{x)) is an automorphism of 
C((a;)), which preserves the subalgebra C[[a;]]. Furthermore, we have an automor- 
phism of C((a;))[[z]], sending ip{x,z) to ip{g{x), g{z)) for tp^x^z) G C((x))[[2;]]. We 
also have an automorphism of C((x))[[2;]], sending ifj^x^z) to ifji^x, g{z)). 

Proposition 2.8. Let F he a formal group, let cj) he an associate of F , and let 
g{x) G x£[[x\] with g'ifd) = 1. Set 

Fg{x,y) = g-\Fig{x),g{y))) G C[[x,y]], 
(Pg{x,z) = g-\^{g{x),g{z))) G C((x))[[2;]]. 

Then Fg is a formal group and (pg is an associate of Fg. 

Proof. Let / = logF. That is, F{x,y) = f-\f{x) + f{y)). Thus 

Fg{x,y)=g-' {f-\f{g{x)) + f{g{y)))). 

In view of Proposition 12.31 Fg is a formal group with logF^ = f ° 9- 

First, note that (j)g{x,z) is a well defined element of C((x))[[z]]. Indeed, for any 
^(x) = J2n>o '^riX"' G C[[x]], Writing z) = x + zA with A G C((a;))[[2;]], we have 



Z)) = J2 Cn<Pix, ZT = E ( E 

n>0 j>0 \n>0 ^-^^ 



CnX'^-^AnZ^ eC{{x))[[z]]. 



Furthermore, we have 

<Pg{x, 0) = g-\<P{g{x),g{0))) = g-\<l){g{x), 0)) = g-\g{x)) = x 
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and 



'Pgi'Pgix,y)^z)) = g ^ {(j){g{(f)g{x,y)), g{z))) = g ^ {(l){(f){g{x), g{y)), g{z))) 
= g-' {(P{g{x), F{g{y),g{z)))) = 4>g{x, Fg{y, z)). 

This proves that 4>g{x, z) is an associate of Fg. □ 

As an immediate consequence of Proposition 12.81 we have (cf. Proposition I2.3p : 

Corollary 2.9. Let F he a formal group over C with \ogF = f . For any associate 
(j){x,z) of F^, set 

^{x,z) = f-\<f>{f{x)J{z)))ec{{xmz]]. 

Then (f){x, z) is an associate of F. Furthermore, this gives a 1-1 correspondence 
between the set of associates of F^. and the set of associates of F. 

The following is another connection between the associates of a general formal 
group and the associates of the additive formal group Fa: 

Proposition 2.10. Let F be a formal group over C and let g{x) G xC[[x]] with 
g'{0) = 1. Then for any associate (j){x,z) of F, (f){x,g{z)) is an associate of Fg, 
where Fg is given as in Proposition \2.8\ . Furthermore, the map, sending z) G 
C((a;))[[2;]] to (f){x,g{z)), gives a 1-1 correspondence between the set of associates of 
F and the set of associates of Fg. 

Proof. As (p{x,z) G C((x))[[2;]], g{x) G xC[[x]], we see that (j){x,g{z)) exists in 
C((a:))[[2;]]. We have (j){x,g{0)) = 0(a;, 0) = x and 

(f){(f){x,g{zi)),g{z2)) = (j){x,F{g{zi),g{z2))) = (f){x, g{Fg{zi, Z2))). 

Thus (f){x,g{z)) is an associate of Fg. 

From the first part, we have that for any associate (j){x, z) of F, (l){x,g{z)) is an 
associate of Fg and for any associate iIj{x, z) of Fg, 'ipix, g^^^z)) is an associate of F. 
Then the furthermore assertion follows immediately. □ 

Remark 2.11. Let F be a formal group over C with / = logF and let be an 
associate of Fa. By Corollary 12.91 and Proposition 12. 10[ both f^^{(p{f{x), f{z))) and 
(j){x,f{z)) are associates of F. However, they are different in general. To see this, 
let F = Fm and let z) = Fa(x, z) = x -\- z. Note that / = logFm = log(l + x) 
and f^^{x) =6^ — 1. We have 

f{z)) =x + f{z) =x + log(l + z), 

whereas 

f{z))) = f-\f{x) + f{z)) = ei°g(i+-)+Mi+^) _ 1 = 3. + ^ + 3.^. 
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Combining Propositions 12 . 1 0] and fTM we immediately have: 

Theorem 2.12. Let F be a formal group over C with logF = f. Then for any 
p{x) G C{{x)), ijjp(x)ix, z) = e-^^^^^^^^d^x is an associate of F. Furthermore, every 
associate of F is of this form. 

The fohowing technical result, which generalizes a result of |Li9] . plays an im- 
portant role in this work: 

Lemma 2.13. Let F be a formal group over C and let (j){x, z) be an associate of F 
with 4>{x,z) 7^ X. Then q{(f){x, z),x) ^ for any nonzero series q{x,y) G C{{x,y)). 

Proof. Let / be the logarithm of F. By Theorem 12. 12^ z) = e-^*^^-*^^^^^x for 
some nonzero p{x) G C{{x)). By Proposition I2.10[ is an associate of 

Fa. As (j){x,z) 7^ X, we have (l){x, f~^{z)) ^ x. By Lemma 2.10 of |Li9] . we have 
q{(j){x, f~'^{z)),x) 7^ 0. Therefore q{(f){x, z),x) 7^ 0. □ 

Remark 2.14. Recall that log-Fm = log(l + x). In view of Theorem I2.12[ the 
associates of F-^ are of the form 

for p{x) G C((x)). We have particular associates of F^a- (p{x,z) = x with p{x) = 0, 
z) = x + log(l + z) with p{x) = 1, z) = xe^"^^^'^^^ = x{l + z) with p{x) = x, 
(f){x, z) = x{l — X log(l + z))^^ with p{x) = x"^. 

3 Nonlocal vertex F-algebras and vertex F-algebras 

In this section we formulate and study notions of nonlocal vertex F-algebra and 
vertex F-algebra with F a one-dimensional formal group. When F = F^, the additive 
formal group, vertex Fa-algebras are simply ordinary vertex algebras, while nonlocal 
vertex Fa-algebras are usual nonlocal vertex algebras. As the main result of this 
section, we exhibit a canonical isomorphism between the category of (resp. nonlocal) 
vertex F-algebras and the category of ordinary (resp. nonlocal) vertex algebras. We 
also present some basic axiomatic properties similar to those for ordinary vertex 
algebras. 

We begin with the notion of nonlocal vertex algebra (see |Li3] : cf. |BKj . |Li2] ). 

Definition 3.1. A nonlocal vertex algebra is a vector space V, equipped with a 
linear map 

Y{-,x): V Hom(V,y((x))) C (EndV^)[[x,x~^]] 

V (-)■ F(f , x) = fnX^"^"'^ (where f„ G End\^), 
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and equipped with a distinguished vector 1 G V, satisfying the conditions that 

Y(l,x)v = v, Y(v,x)l E V[[x]] and limY(v,x)l = v for f G V" (3.1) 

X--S-0 

(the vacuum and creation property), and that for u,v,w E V, there exists I G N such 
that 

(xo + X2)'F(m, xq + X2)Y{v, X2)w = {xq + X2yY{Y{u, xo)v, X2)w (3.2) 
(the weak associativity). 

Note that in (13.21) . it is understood by convention that 

Y{u,Xo + X2)Y{V,X2)W = (Xq + X2)~'^''^X2'^^^UmVnU! 

= E 

which exists in V{{xo)){{x2)). It is important to mention that the expression 

Y{u,X2 + Xo)Y{v,X2)w 

does not exist formal series. 

Now, let F be a (one-dimensional) formal group over C, which is fixed throughout 
this section. We have F{x,y) = F{y,x). Set / = logF. 

Recall from |Li9] (cf. |FHL] ) the iota-map ia:i,a;2) which was defined to be the 
unique algebra embedding of the fraction field of C[[a;i,a;2]] into C((a;i))((a;2)) such 
that 

As F{x,y) G C[[x,t/]] C C((x))[[t/]] with F{x,0) = x a unit in C((x)), F{x,y), 
identified as Lx,yF{x,y), is a unit in the algebra C((x)) [[?/]]. For the same reason, 
F{x, y), identified as Ly^^F^x, y), is a unit in the algebra C((y))[[x]]. As a convention, 
for m G Z we set 

F{x,y)^ = {L,,yF{x,y))^ec{{x))[[y]], 
F{y,x)"^ = {Ly,,F{x,y)y^^ec{{y))[[x]]. 

Furthermore, for any A{xi,X2) G (EndVr)[[a;^^, x^"*^]] with W a vector space, we 
define A(F(xo, X2), X2) and A{F{x2,Xo),X2) accordingly. Note that if A{xi,X2) G 
Hom(PF,iy((xi))((x2))), 

A{F{xo,X2),X2) exists in Hom(W^, l^((xo))((x2))). 

If A{xi,X2) G }lom{W,W {{xi, X2))) , in addition we have 

^(F(x2,xo),X2) exists in Hom(iy, iy((x2))[[xo]]). 



— m 







UmV„W, 
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For convenience, we set 

A{Xi,X2)\xi=F{xo,X2) = A{F {xo,X2),X2), 
A{^l,X2)\x^=F{x2,xo) = A{F{x2,Xo),X2). 

For A{xi,X2) e }lom(W,W{{xi)){{x2))), we have 

{A{xi,X2)\xi=Fixo,X2)) \xo=f-Hf(xi)-f{x2)) = A{xi,X2), (3.3) 

where the substitution xq = /^^(/(a^i) — means 

= ixi,x2 {r^{f{xi) - f{x2))T for all m G Z. 

Definition 3.2. We define a notion of nonlocal vertex F -algebra, using all the axioms 
in Definition 13.11 except that weak associativity is replaced by the property that for 
u,v,w E V, there exists / G N such that 

F{xo, X2yY{u, F{xo, X2))Y{v, X2)w = F{xo, xa)'^ (F (m, xo)v, X2)w (3.4) 

(the weak F - associativity) . 

Furthermore, we formulate a notion of vertex F-algebra as follows: 

Definition 3.3. A vertex F-algebra is a nonlocal vertex F-algebra V satisfying the 
weak commutativity : For u,v E V, there exists A; G N such that 

{xi - X2)''Y{u, xi)Y{v, X2) = {xi - X2 fY{v, X2)Y{u, xi). (3.5) 

For convenience we formulate two technical lemmas. 

Lemma 3.4. Let W be a vector space, let a{x),b{x) G }lom{W,W{{x))) , and let 
g{x) G a;C[[x]] with g'{0) 7^ 0. Let k be a nonnegative integer. Then 

{g{xi) - g{x2))^a{xi)b{x2) G llom{W,W{{xi,X2))) 

if and only if 

(xi - X2)''a{xi)b{x2) G }iom{W,W{{xi,X2))). 

On the other hand, 

{g{xi) - g{x2))^a{xi)h{x2) = {g{xi) - g{x2))^h{x2)a{xi) 

if and only if 

(xi - X2f a{xi)b{x2) = (xi - X2)^6(x2)a(xi). 

Proof. As g{x) G xC[[x]] with g'{0) 7^ 0, we have g{xi) — g{x2) = (xi — X2)h{xi, X2) 
for some h{xi,X2) G C[[xi,X2]] with h{0,0) = g'{0) 7^ 0. Then 

(^(Xi) - ^(Xa))" = (Xi - X2)"/i(xi,X2)" 

for n G N. Note that as h{0, 0) 7^ 0, h{xi, X2) is a unit in the algebra C[[xi, X2]], i.e., 
there exists g(xi,X2) G C[[xi,X2]] such that /i(xi, X2)g(xi, X2) = 1. It then follows 
immediately. □ 
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The following can be proved similarly: 
Lemma 3.5. Let V and W be vector spaces and let 

Y{-,x): Hom(V,\/((x))), 
Yw{-,x): Rom{W,W{{x))) 

be linear maps. Let u,v &V and let /c G N. Assume 

{g{xi) - g{x2))''Yw{u,xi)Yw{v,X2) G Hom(V, X2))) 

and 

{giF{xo, X2)) - g{x2))''YwiY{u, xo)v, X2) 

= [(9(^1) - 9ix2))''Ywiu, Xi)Ywiv, X2)] \x^=F(x2,xo) 

for some g{x) G xC[[x]] with g'{0) 7^ 0. Then the same relations hold for every such 

The following is an explicit connection between (resp. nonlocal) vertex F- 
algebras and ordinary (resp. nonlocal) vertex algebras: 

Proposition 3.6. Let F be a formal group overC, let g{x) G xC[[x]] with g'{0) = 1, 
and let Fg be the formal group defined by 

Fg{x,y) = g-\Figix),giy))) 
as in Proposition \2.8\ . Let V be a (resp. nonlocal) vertex F-algebra. For v G V, set 

Yg{v,x) = Y{v,g{x)). 
Then {V,Yg, 1) carries the structure of a (resp. nonlocal) vertex Fg-algebra. 
Proof. As g{x) G xC[[x]] with g'{0) = 1, for v ^ V we have 

Yg{v, x) = Y{v, g{x)) G Hom(V, V{{x))). 
We also have Yg(l,x)v = Y{1, g{x))v = v, and 

Yg{v,x)l = Y{v,g{x))l = J29{xrv^n-ih 

n>0 

which implies 

Yo(f , x)l G V^ifxll and \imY„(v,x)l = v. 
Furthermore, let u,v,w & V. There exists / G N such that 

F{zo, Z2yY{u, F{zo, Z2))Y{v, Z2)w = F{zo, Z2yY{Y{u, Zo)v, Z2)w. 
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Write g ^{x) = xh{x) with h{x) G C[[x]]. Multiplying the both sides of the equation 
above by /i(F(zo, -22))' which lies in €[[^0,-22]], we get 

{g-\F{zo, Z2))yYiu, F{zo, z^W^v, Z2)w = {g-\F{zo, ^2))) zo)v, z,)w. 

Substituting zq = g{xo) and Z2 = g{x2) into the above equation, we obtain 

{g-\F{g{xo),g{x2m'Y{u, F{g{xo),g{x2)))Y{v, g{x2))w 
= {g-\F{g{xo),g{x2)))yY{Y{u, g{xo))v, g{x2))w, 

which is 

Fgixo, X2yY{u, g{Fg{xo, X2)))Y{v, g{x2))w 
= Fg{xo, X2)'F(r (m, g{xo))v, g{x2))w. 

Namely, 

Fg{xQ, X2yYg{u, Fg{xo, X2))Yg{v, X2)w = Fg{xo, X2yYg{Yg{u, xo)v, X2)w. 

This proves that (V, Yg, 1) carries the structure of a nonlocal vertex Fg-algebra. 

Now, assume that is a vertex F-algebra. Let u,v & V. There exists a nonneg- 
ative integer k such that (13.51) holds. In view of Lemma 13.41 we have 

{g~\xi)~ g~\x2))^Y{u,Xi)Y{v,X2) = ig-\xi) - g'\x2)fY{v, X2)Y{u, Xi). 

With substitution xi = g{zi), X2 = g{z2), we get 

{zi - Z2 fYg{u, Zi)Yg{v, Z2) = {zi - Z2)%iv, Z2)Yg{u, Zi). 

Thus (V", Yg, 1) is a vertex F^-algebra. □ 
Let V be an ordinary (resp. nonlocal) vertex algebra. For v ^ V, set 

YF{v,x) = Y{v,f{x)). 

It follows from Proposition 13.61 that {V,Yf, 1) carries the structure of a (resp. non- 
local) vertex F-algebra. Denote this (resp. nonlocal) vertex F-algebra by Vp- 
To summarize, in terms of categories we have: 

Theorem 3.7. Let F be a formal group over C with log F = f . The map J-", defined 
by J-'{V) = Vp for every (resp. nonlocal) vertex algebra V and J^{0) = for every 
homomorphism 9 of (resp. nonlocal) vertex algebras, is an isomorphism from the 
category of (resp. nonlocal) vertex algebras and the category of (resp. nonlocal) 
vertex F-algebras. 
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Proof. Let 6 : U V he a homomorphism of nonlocal vertex algebras. We have 
^(1) = 1 and 



e{YFiu,x)u') = e{Y{u,f{x))u') = Y{e{u)j{x))e{u') = YFie{u),x)e{u') 

for u, u' G U . Thus 9 is also a homomorphism of nonlocal vertex F-algebras from 
f/i? to Vp- It follows that J-" is a functor from the category of (resp. nonlocal) 
vertex algebras to the category of (resp. nonlocal) vertex F-algebras. On the 
other hand, by Proposition 13. 6[ for each (resp. nonlocal) vertex F-algebra (i^', F, 1), 
(i^, y(-, /"^(a;)), 1) is an ordinary (resp. nonlocal) vertex algebra. Then we have a 
functor from the category of (resp. nonlocal) vertex F-algebras to the category of 
(resp. nonlocal) vertex algebras, sending each nonlocal vertex F-algebra (i^', F, 1) 
to (i^, y(-, /~^(x)), 1). It follows immediately that J-" is an isomorphism. □ 

Example 3.8. We here generalize Borcherds' construction of (nonlocal) vertex al- 
gebras. Suppose that F is a formal group over C with logF = /. Let A be an 
associative algebra (over C) with identity and let D be a derivation of A. Define 

Fi.(a, x)h = (e^(^)^a)6 for a,b e A. (3.6) 

It is known (see |Blj . |B2] ) that for F = Fa, {A,Yf^, 1) carries the structure of a 
nonlocal vertex algebra, which is a vertex algebra if and only if A is commutative. 
Then by Proposition |321 for a general F, {A, Yp, 1) carries the structure of a nonlocal 
vertex F-algebra. Furthermore, {A, Yp, 1) is a vertex F-algebra if and only if A is 
commutative. 

Next we present another version of weak F- associativity. 

Proposition 3.9. In the definition of a nonlocal vertex F -algebra, weak F -associativity 
can be replaced by the property that for u,v &V , there exists A; G N such that 

(xi - X2)''Y{u, Xi)Y{v, X2) G Rom{V, V((xi, X2))), (3.7) 

and 

[{Xi - X2)''Y{u,Xi)Y{v,X2)) \xi=F{x2,xo) 

= {F{x2,Xo)-X2)''Y{Y{u,Xo)v,X2). (3.8) 



Note that as {Y{u, Xi)Y{v, X2)) \xi=f{x2,xo) does not exist as a formal series, ^3. 7| ) is 
a precondition for Ii3.8\) to make sense. 

Proof. First, assuming the very property we prove weak F- associativity. Let u,v,w & 
V. Let A; G N be such that (13. 7p and (13.81) hold. In view of Lemma [3.41 we have 

{f{x^) - f{x2))''Y{u, Xi)Y{v, X2) G Hom(V, V{{x^,X2))). 
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Furthermore, there exists another nonnegative integer / such that 

x[{f{xi) - f{x2))''Y{u,Xi)Y{v,X2)w G 1/[[Xi,X2]][x^^], 
involving only nonnegative powers of Xi. Then 

{x[{f{xi) - f{x2))''Y{u,Xi)Y{v,X2)w) \x^=F{x2,xo) 
= {x[{f{Xi) - /(x2))^F(m, Xi)Y{v, X2)w) \x^=F{xo,X2) 
= F{xo, X2)'(/(F(xo, X2)) - f{x2))^Y{u, F{xo, X2))Y{v, X2)w 
= F(xo, X2)'/(Xo)''F(m, F(xo, X2))Y{v, X2)w. 

On the other hand, writing /(xi) — /(X2) = (xi — X2)q{xi,X2) with q{xi,X2) G 
C[[xi,X2]], using fl3.8p we have 

{x[{f{Xi) - f{x2))''Y{u,Xi)Y{v,X2)w) \x,=F{x2,xo) 
= {x{q{xi,X2)''{xi - X2)''Y{u, Xi)Y{v, X2)w) \xi=Fix2,xo) 

= F{x2, xoyf{xo)''Y{Y{u, xo)v, X2)w. 

Consequently, we obtain 

F{xo, X2yf{xo)''Y{u, F{xo, X2))Y{v, X2)w 
= F{xo,X2yfixo)''Y{Y{u,Xo)v,X2)w, (3.9) 

recalling that F{xo,X2) = F{x2,Xo). By canceling the factor f^x^Y we obtain fl3.4l) . 

Now, assume weak F-associativity holds. Let u^v & V . There exists A; G N such 
that XqY {u^Xq)v G ^[[xq]], which implies f{xQYY{u^XQ)v G V"[[a;o]]. Let w & V he 
arbitrarily fixed. There exists / G N such that (13. 4p holds. Then we have (13. 9p . We 
see that the left-hand side of ( 13. 9p involves only nonnegative powers of xq, so does 
the right-hand side. As 

(Xi(/(xi) - f{x2) fY{u,Xi)Y{v,X2)w) Ui=F(xo,X2) 
= F(xo, X2yf{xofY{u, F{xo, X2))Y{v, X2)w, 

we have 

i^lifi^l) - fix2))''Y{u,Xi)Y{v,X2)w) |xi=F(xo,X2) e y[[Xo,X2]][x2^]. 

By substitution Xq = f^^{f{xi) — /(X2)) (recall (13. 3p ). we get 

x[{f{x,) - f{x2))'Y{u,x,)Y{v,X2)w G V[[X,,X2]][X^']. 

Thus 

{f{xi) - f{x2))''Y{u,xi)Y{v,X2)w G V{{xi,X2)). 
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As k depends on u and v, but not w, we have 

(/(xi) - f{x2))'Y{u, x^)Y{v, X2) G Hom(\/, X2))). 
Furthermore, we have 

{x[ifiXi) - f{x2))''Y{u,Xi)Y{v,X2)w) \x^=F{xo,X2) 
= {x[{f{Xi) - /(x2))^F(m, Xi)Y{v, X2)w) \x,=F{x2,xo) 
= F{x2,Xof [{f{xi) - f{x2))^Y{u,Xi)Y{v,X2)w] |xi=F(x2,xo)- 

Combining this with (13. 9p we get 

F(xo, X2f f{xQfY{Y{u, Xq)v, X2)w 
= F{xo, Xif [(/(Xi) - /(x2))^F(m, Xi)Y{v, X2)w] \x^=F{x2,xo)- 

Multiplying both sides by Lx2,xo^{^Oy^2)~^, we obtain 
f{xo)''Y{Y{u,Xo)v,X2)w 

= - f{x2))''Y{u, Xi)Y{v, X2)w) \x^=F(x2,xo)- 

With k independent of w, we have (13.81) . □ 

Remark 3.10. Note that in the special case with F = F^,, Proposition 13.91 (for 
ordinary nonlocal vertex algebras) follows immediately from Lemma 2.9 of |LTW] 
with W = V (the adjoint module) and cr = 1 (the identity automorphism). 

The following is an analog of a result in the theory of vertex algebras (cf. |Li2] ): 

Lemma 3.11. Let V be a nonlocal vertex F-algebra. Define a linear operator V on 
V by 

Vv = f_2l = I —Y{v, x)l ] \x=o for V G V. 



^dx 

Setf = log F. Then 

Y{v,x)l = e^(")^t;, 

[V,Y(v,x)] = Y(Vv,x) = —^^Y(v,x) forveV. (3.10) 

f'{x) ax 

Proof. For f G l^, set Y{v^x) = Y{v, f~^{x)). By Proposition 13. 6[ {V,Y,1) is an 
ordinary nonlocal vertex algebra. Let T> be the operator on V defined by Dv = 
lima,^o -i^Y{v, x)l for f G l^. We have V = V as 

biv) = lim -^Y(v, x)l = lim -^Y(v, f~Hx))l = W-sl = V(v). 

x^o dx x^o dx 
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Using those P-properties for nonlocal vertex algebras (see [Li2j ) we obtain 

Y{v,x)l = Yiv, fix))l = e^(")*t; = e^^'^^^v, 

[V, Y{v, x)] = [V, Y{v, fix))] = Y{Vv, f{x)) = Y{Vv, x), 



and 

as desired. □ 



Y{Vv, x) = Y{Vv, fix)) = ( -Y{v, z) ] = ^^—Y{v, x) 



The following is an analog of a well known result in vertex algebra theory (see 
[FHL], [DL], im]): 

Proposition 3.12. A vertex F -algebra can he defined as a vector space V equipped 
with a linear map Y{-,x) : V — j- Hom(V, F((x))), a vector 1 & V, and a linear 
operator D on V, such that and weak commutativity hold. 

Proof. We only need to prove that is a vertex F-algebra under the very assump- 
tions. For V & V, set Y{v,x) = Y{v, f~^{x)), where f{x) = logF. We have 
F(l, x)v = Y{1, f^^{x))v = V, and 

Y{v,x)l = Y{v,f-\x))lEV[[x]] and hmY{v, x)l = v, 

noticing that /"^(x) G xC[[x]] with (/"^)'(0) = 1. Let u,v G V. There exists A; G N 
such that (13. 5p holds. From the second half of the proof of Proposition 13. 6[ we have 

{Zi - Z2)'Y{U, Zi)Y{v, Z2) = {Zi - Z2)'Y{V, Z2)Y{U, Zi). 



Furthermore, using fl3.10p we get 

J'{z) dz 



[V,Y{v,x)] = [V,Yiv,f-\x))] = [ -^±Y{v,z) ) 



= ±YivJ-\x)) = ^Yiv,x). 

By Proposition 2.2.4 of |Lil] . (y,Y ,1) is a vertex algebra. Now, it follows from 
Proposition 13.61 that (V, 1^, 1) is a vertex F-algebra. □ 

Next, we discuss a Jacobi identity for vertex F-algebras. Set / = logF as before. 
Recall that f{x) G C[[x]] with /(O) = and /'(O) = 1. We have 

f{x,)-f{x,) \ ,_,J f{x2)-f{x^) 

-f(-^r^{^^)- (3-11) 
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To see the existence in C[[a:Q x]*^"^, xf^]] of the three terms, let use consider the first 
term. By definition, we have 

= EE ('')(-i)'/(^o)"""V(xi)"~v(x2y, 

nGZ j>0 ^-'^ 

where 

fix^y e xic[[x2]], f{x,r^^ e xr^c[[xi]], fix,)--'' e x,'^-'c[[xo]]. 

We see that the expression exists, by first considering the coefficient of a fixed power 
of X2, to reduce to finitely many j. Furthermore, for each fixed j, we have 



E (f)fi^o)-''-'f{x^r-^ G C((a:0)((xo)). 



Using Proposition 13.61 we immediately get: 

Proposition 3.13. In the definition of a vertex F- algebra, weak F- associativity and 
weak commutativity can be replaced by the property that for u,v & V, 

f{xo)-'S [^^^J^j^) Y{u,x,)Y{v,x,) 

-f{xo)-'S (^^^^TT^^) Y{v,x,)Y{u,x^) 

= fixir'S [^^^J^^^) Y{Yiu,xo)v,X2) (3.12) 

(the Jacobi F-identityj, where f = logF. 



4 ^-coordinated modules for a vertex F-algebra 

In this section, we study 0-coordinated (quasi) modules for a vertex F-algebra with 
an associate of F. As the main results of this section, we give a canonical connection 
between 0-coordinated (quasi) modules for nonlocal vertex algebras and for nonlocal 
vertex F-algebras, and we give a general construction of nonlocal vertex F-algebras 
and their ^-coordinated (quasi) modules. 

We begin with the notion of module for a nonlocal vertex algebra (see |Li2j ). 
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Definition 4.1. Let V he a nonlocal vertex algebra. A V -module is a vector space 
W equipped with a linear map 

Yw{-,x): V Rom{W,W{{x))) C {EndW)[[x,x-^]] 
V t-)- Yw{v,x), 

satisfying the conditions that 

Y]y{l,x) = Iw (the identity operator on W) 

and that for u,v E V, w E W, there exists / G N such that 

(Xo + X2)'1V(m, Xq + X2)Yw{v, X2)w = {xq + X2)'1V(F(m, Xo)v, X2)w . (4.1) 

We define a notion of quasi V -module (cf. |Li3j . |Li9] ) by replacing the above 
weak associativity with the property that for u,v eV , there exists a nonzero power 
series q{xi^X2) G C[[xi,a;2]] such that 

q{xi,X2)Yw{u,Xi)Yw{v,X2) E }iom{W,W{{xi, X2))) 

and 

(g(xi, X2)Yw{u, xi)Yw{v, X2)) \xi=x2+xo = q{xo + X2, X2)Yw{Y{u, xq)v, X2). 

Remark 4.2. From Lemma 2.9 of |LTWj . in the definition of a module for a nonlocal 
vertex algebra V , weak associativity can be replaced by the property that for u,v E 
V, there exists k E N such that 

(xi - X2)''Ywiu, Xi)Ywiv, X2) E RomiW, W{ixi, X2))) 

and 

((Xi - X2)''Yw{u,Xi)Yw{v,X2)) \xi=X2+xo = XqYw(Y {u, Xo)v , X2) ■ 

In view of this, a V^-module is indeed a quasi ^-module. 

Now, let F be a (one-dimensional) formal group over C, which is fixed for the 
rest of this section. Set / = log F. 

Definition 4.3. Let \^ be a nonlocal vertex F- algebra and let (p be an associate 
of F. We define a notion of (p- coordinated quasi V -module, using all the axioms in 
Definition 14.11 except that weak associativity is replaced by the property that for 
u,v eV, there exists g(xi,X2) E C[[xi,X2]] such that g(0(x2, xq), X2) 7^ 0, 

q{xi,X2)Yw{u,Xi)Yw{v,X2) E Hom(iy, iy((xi, X2))) 

and 

(g(xi, X2)Yw{u, xi)Yw{v, X2)) \x^=<t>{x2,xo) 

= g(0(x2, xo),X2)YwiY{u, xo)v, X2) (4.2) 

(the weak (p- associativity). We define a notion of (p- coordinated V -module by strength- 
ening weak 0-associativity with g(xi,X2) required to be a polynomial of the form 
(xi — X2)^ with k E N. Furthermore, we call an F-coordinated \^-module a V -module. 
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We have the following analog of Theorem 13.71 

Proposition 4.4. Let F be a formal group over C with f = logF, let be an 
associate of F, and let g{x) G a;C[[x]] with g'{0) = 1. Set 

(f)g{x,z) = g'\(t){g{x),g{z))), 

an associate of Fg (recall Proposition \2. 8\) . Let V be a nonlocal vertex F- algebra and 
let (W,Y]y) be a (p-coordinated (resp. quasi) V -module. For v eV, set 

Y^{v,x)=Yw{v,g{x)) e {EndW)[[x,x-']]. 

Then {W,Y^) carries the structure of a (pg- coordinated (resp. quasi) Vg-module, 
where Vg is a nonlocal vertex Fg-algebra with Vg = V as a vector space and with 
Yg{v,x) = Y{v,g{x)) forv G V (recall Proposition \3. 0) . 

Proof. We shall consider the quasi case, while the non-quasi case will be clear from 
the proof. We have 

Y^iy, x) = Yw{v, g{x)) G Rom{W, W{{x))) for v e V, 
Y^il,x) = Ywil,gix)) = lw 

For u,v gV, there exists q{zi,Z2) G C[[2;i,22]] such that 5(0(^2,-20)5-2^2) 7^ 0, 

g(2i, Z2)Ywiu, Zi)Ywiv, Z2) G Hom(iy, W{{zi, Z2))), 

and 

(g(Zl, Z2)Ywiu, Zi)Ywiv, Z2)) \z,=<t>(z2,zo) = C[i<Piz2, Zo), Z2)YwiY{u, Zo)v, Z2). 

With substitution Zi = g{xi) for i = 0,1, 2, we get 

Qigixi),g{x2))Ywiu,g{xi))Ywiv,g{x2)) G }lom{W,W{{xi, X2))) 

and 

[qi9ixi),g{x2))Ywiu, g{xi))Ywiv, gix2))] \g{xi)=4>ig(x2),g{^o)) 
= q{(j){g{x2), gixo)), g{x2))YwiY{u, gixo))v, g{x2)). 

Notice that the substitution xi = 4>g{x2,xo) amounts to g{xi) = (j){g{x2), g{xo)). 
Then 

[q{g{xi),g{x2))Y^{u, Xi)Y^{v, X2)] Ui=<^,(x2,xo) 
= C[i9i(l>gix2, xo)),gix2))Y^{Yg{u, xo)v, X2). 

We have q{g{xi), g{x2)) G C[[a;i,a;2]] such that 

q{g{(t)g{x,z)),g{x)) = q{(j){g{x), g{z)), g{x)) ^ 0. 

This proves that {W, Y-^) is a ^^-coordinated quasi V^-module. □ 
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Recall that for a nonlocal vertex algebra V, Vp is a nonlocal vertex F-algebra 
with Vp = V as a vector space and Yp{v,x) = Y{v, f{x)) for v eV. With Proposi- 
tion 14.41 the following is immediate: 

Corollary 4.5. Let V he a nonlocal vertex algebra, let F he a formal group with 
f = log-F, and let he an associate of F^^. Set 

0(x,z) = ri(0(/(x),/(^))), 

an associate of F. The map, sending to (W,Y^^) and sending each mor- 

phism 9 to itself, is an isomorphism from the category of (p- coordinated (resp. quasi) 
V -modules to the category of (p- coordinated (resp. quasi) Vp-modules. 

The following is another connection between 0-coordinated modules for nonlocal 
vertex algebras and nonlocal vertex F-algebras: 

Theorem 4.6. Let F he a formal group over C, let he an associate of F, and let 
g e xC[[x]] with g'{0) = 1 . Set 

(j)g{x,z) = (j){x,g{z)), 

an associate of Fg hy Proposition \2.1(A Let V he a nonlocal vertex algehra and let 
W he a vector space equipped with a linear map Yw{-,x) : V — )■ (Endl^)[[x, x^-*^]]. 
Then {W, IV) is a (p- coordinated (resp. quasi) V -module if and only if {W, Y^) is a 
(pg- coordinated (resp. quasi) module for nonlocal vertex Fg-algehra {V, Yg, 1). 

Proof. We shall just consider the quasi case, as the non-quasi case will be clear 
from the proof. Note that the ^-coordinated quasi \^-module structure and the (pg- 
coordinated quasi V^-module structure have the same requirement that Yw{v,x) G 
Hom(W^, W{{x))) for V eV and = Iw Let u,v eV. Assume 

q{xi, X2)Ywiu, xi)Ywiv, X2) G }iom{W,W{{xi, X2))) 

for some q{xi,X2) G C[[a;i,X2]]. We see that q{(p{x2,Xo),X2) 7^ if and only if 
q{(p{x2, g{xo)),X2) 7^ 0. Furthermore, a ^-coordinated quasi \^-module structure 
requires 

X2)1V(m, Xi)Ywiv, a;2))^^=^(^2,xo) = li'Pi^^, xq), X2)1V(F(u, Xo)v, X2), 
while a ^^-coordinated quasi V^-module structure requires 

{q{xi, X2)Ywiu, xi)Ywiv, a;2))^.^=0^(^2,^.o) = 9(<^9(^2, xq), X2)YwiYg{u, xo)v, X2), 
which amounts to 

{q{xi,X2)Yw{u, Xi)Yw{v, X2)) Ui=0(x2,3(xo)) 
= q{(p{x2, g{xo)), X2)Yw{Y{u, gixo))v, X2). 

Then the equivalence between a ^-coordinated quasi \^-module structure and a (pg- 
coordinated quasi V^-module structure is immediate. □ 
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Next, we give a construction of nonlocal vertex F-algebras and their 0-coordinated 
(quasi) modules, by using the results of |Li9j . Let W he a. vector space over C. Set 

£{W) = }iom{W,W{{x))) C (EndW)[[x,x-^]]. 

A finite sequence a^{x), . . . ,a^{x) in S(W) is said to be quasi compatible if there 
exists a nonzero power series p{x,y) G C[[x, y]] such that 

( n Pix^,XJ)]a\xl)■■■a'■ixr) e}iom{W,Wi{x,,...,Xr))). (4.3) 

It is said to be compatible if the above containment relation holds for p{x, y) = 
{x — y)'' for some k E N. We say a subset U of £(W) is (resp. quasi) compatible if 
any finite sequence in U is (resp. quasi) compatible. 

Let F be a formal group over C and let 0(x, z) be an associate of F. We de- 
fine a notion of (j)-quasi compatible sequence (subset) by additionally requiring that 
p{(f){x, z),x) 7^ in the above definition. Notice that if (t>{x,z) ^ x, in view of 
Lemma 12.131 ^-quasi compatibility is simply the same as quasi compatibility. 

Definition 4.7. Let a{x),b{x) G S(W) be such that (a(x),6(x)) is 0-quasi compat- 
ible, i.e., there exists p{x,y) G C[[x,?/]] with p{(j){x, z),x) ^ such that 

p[xi,X2)a{xi)b{x2) G Hom(iy, PF((xi, Xa))). (4.4) 

We define a(x)^6(x) G EiyV^ for n G Z in terms of the generating function 

Yl{a{x),z)b{x) = Y,ci{x)tb{x)z-'^-' 

by 

F/(a(x), z)b{x) = p{4>{x, z),x)~^L^^^ {p{xi,x)a{xi)b{x)) (4.5) 
where p{4>{x, z), x)~^ denotes the inverse of p{(t>{x, z), x) in C{{x)){{z)). 

The same argument in [Li3j shows that {a{x) , z)b{x) is well defined; it is 
independent of the choice of p{x,y). 

A ■i/'-quasi compatible subspace U of S{W) is said to be -closed if 

a{x)'^b{x) G U for a(x),6(x) e U, n e Z. 

The following generalizes the corresponding result of |Li9j : 

Theorem 4.8. Let F be a formal group over C and let (f){x, z) be an associate of F. 
Let W be a vector space and let U be a (p-quasi compatible subset of£(W) . Then there 
exists a Y^ -closed (p-quasi compatible subspace which contains U and Iw Denote by 
{U)fj, the smallest such Y^ -closed (p-quasi compatible subspace. Then {{U)^, Y^, Iw) 
carries the structure of a nonlocal vertex F -algebra and W is a (p- coordinated quasi 
(U) tf)-module with Yw{a{x), z) = a{z) for a{x) G (U)^. 
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Proof. Let / be the logarithm of F. Set 

By Proposition I2.10[ (p^x^z) is an associate of Fa. For any q{x,y) G C[[x, y]], we 
see that q{(j){x, z),x) 7^ if and only if q{(j){x, z),x) = q{(j){x, f~^{z)),x) 7^ 0. Then 
0-quasi compatibility is the sam as 0-quasi compatibility and hence U is 0-quasi 
compatible. By Theorem 4.11 of |Li9] . there exists a y^-closed 0-quasi compatible 
subspace containing U and Iw, and {{U)^, Y^, Iw) carries the structure of a nonlocal 
vertex algebra with W as a 0-coordinated quasi module with Yw{a{x), z) = a{z) for 

a{x) G (U)^, where (U)^ is the smallest l^^-closed 0-quasi compatible subspace of 
S(W), containing U and Iw 

Let (a(x),6(x)) be a 0-quasi compatible pair in £(W). There exists p{x,y) G 
C[[x, I/]] with p{(j){x, z),x) 7^ such that 

p{xi, X2)a{xi)b{x2) G }iom{W,W{{xi,X2))). 

We have 

Y^{a{x), z)h{x) 
Yl;{a{x),z)h{x) 

From this we get 

r/(a(a;), z)h{x) = Y^{a{x), f{z))b{x). (4.6) 

By Theorem 13. 7t {{U)^,Y^, Iw) is a nonlocal vertex F-algebra. In particular, (U)^ 
is y/-closed. This proves the first assertion. It follows from (14. 6 p that {U)^ is also 
the smallest l^'^-closed 0-quasi compatible subspace containing U and Iw- That 
is, (f/)^ = (U)^. Furthermore, by Theorem 14.61 (VT, Fvk) is a ^-coordinated quasi 
(f/)(^-module. □ 

5 ^-coordinated modules for nonlocal vertex al- 
gebras 

In this section, we focus our attention on 0-coordinated modules for nonlocal vertex 
algebras, in particular for ordinary vertex algebras, with a specialized z) = xe^. 
For a nonlocal vertex Z-graded algebra V, we exhibit a canonical connection between 
l^-modules and (/)-coordinated modules for a nonlocal vertex algebra obtained from 
V by Zhu's change-of-variables theorem. Much of this section is motivated by the 
work of Lepowsky ( |Le2] . |Le3] ). 
Throughout this section, we fix 

z) = xe^, 



= p{<p{x,z),x) ^Lx,zipixi,x)a{xi)b{x))\^^^^(^^^^y 
= p{(l){x, z),x)'^L^^^ {p{xi, x)a{xi)b{x)) 
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a particular associate of the additive formal group Fa. We have (recall Lemma [2.13p 

q{xe%x)j^O mC{{x))[[z]] 

for every nonzero q{x,y) G C{{x,y)). 

Let \^ be a nonlocal vertex algebra. For a {/)-coordinated quasi l^-module {W, IV), 
the weak 0-associativity states that for any u,v E V, there exists 7^ ^(0:1, 0:2) G 
C[[xi, X2]] such that 

q{xi, X2)Yw{u, xi)Yw{v, X2) e Eom{W, W{{xi,X2))) (5.1) 

and 

q{x2e''°,X2)Yw{Y{u,xo)v,X2) = {q{xi, X2)Yw{u, xi)Yw{v, X2)) Ui=x2e-o. (5.2) 

The following was obtained in |Li9] (Lemma 3.2): 

Lemma 5.1. Let V be a nonlocal vertex algebra and let {W,Yw) be a (p- coordinated 
quasi V -module. Then 

Yw{e''^v, x) = Yw{v, xe') = e'^'^Ywiv, x) for v e V, (5.3) 

where V is the linear operator on V , defined by T>u = M_2l for u €1 V . In particular, 

Yw(Vv,x) = x-^Yw{v,x). (5.4) 
ax 

While nonlocal vertex algebras are too general, what we called weak quantum 
vertex algebras in |Li3] form a special class of nonlocal vertex algebras, which nat- 
urally generalize vertex algebras and vertex super algebras. A weak quantum vertex 
algebra is a nonlocal vertex algebra V satisfying the condition that for u,v E V, 
there exist 

v^'^ eV, /,(x)ec((x)) (2 = l,...,r) 



such that 



Xq^6 ( — — — ] Y{u,xi)Y{v,X2) 

Xq 



-Xo'S (^^^]y2i.,,Mi^2-x^))Y{v^^\x2)Y{u^^\x,) 

= xr'5(^^^^^r(F(n,xo)t;,X2). (5.5) 
We recall the following result from |Li9] : 
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Proposition 5.2. Let V be a weak quantum vertex algebra and let {W, IV) be a 

(f)- coordinated module for V viewed as a nonlocal vertex algebra. Let u,v ^ V and 
assume that 

r 

{x^ - X2)'Y{u, x^)Y{v, x^) = {x, - x^)' t,,,,, (/,(e^^-^'^))r X2)F(ix«, Xi) 

i=l 

with k em, fi{x) e C(x), u^'\v'^''> eVforl<i<r. Then 
Yw{u,xi)Yw{v,X2) 

X2Z ) 

V -^2Z / ^ 
' 1=1 



xi'6 { ^aii±il ) YwiYiu, log(l + z))v, X2). (5.6) 



Xi 

Furthermore, we have 



Ywiu, Xi)Ywiv, X2) - ^ tx2,xi{fiiXi/ X2))Yw{v^'\ X2)Ywiu'^'\xi) 



i=l 



Xl 



Res^g6 ( ]Yw{Y{u,xo)v,X2). (5.7) 



Note that 



X2e^<^\ ^^x,{x,^)^(X2 



Xl J \Xi 

As an immediate consequence we liave: 

Corollary 5.3. Let V be a vertex algebra and let {W, IV) be a (p- coordinated module 
for V viewed as a nonlocal vertex algebra. Then 

[Yw{u, Xl), Yw{v, X2)] = ^ ^Yw{ujV, X2) (x2^) 6 ( ^ ) (5.^ 



8X2 J \Xi 



for u,v eV . 

Furthermore, using Corollary 15.31 and Lemma [5.11 we immediately get: 

Corollary 5.4. Let (V, Y, 1, uj) be a vertex operator algebra of central charge £ G C 
in the sense of IFLM^ and let {W, IV) a cf)- coordinated module for V viewed as a 
nonlocal vertex algebra. Then 

[L^{m), L't'{n)] = (m - n)L'^{m + n) + ^mH^+nfi (5.9) 

form,n G Z, where Yw{'jJ,x) = J2n&z^'^i^)^~" ■ 
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Definition 5.5. Let F be a subgroup of the additive group R, containing Z. A 
nonlocal vertex T-graded algebra is a nonlocal vertex algebra V equipped with a F- 
grading V = 0„gr V(„) , satisfying the conditions that 1 G V(o) and that for v G V(m) 
with m G F, 

VnV^k) C V(^rn+k-n-l) foT H E Z, k E F. (5.10) 

For a nonlocal vertex F-graded algebra V, define a linear operator L{0) on V by 

L(0)|y(„, =n forneF. (5.11) 

From [FHL] . we have 

L(0)1 = 0, 

x^(°)F(t;,Xi)x~^(°) = F(x^(°)t;,xxi), 
e"^(°)F(t;,si)e-"^(°) = F(e"^(°)t;, e"xi) for w e l^, 

where x^^'^^u = x"m for u G V(„) with n G F. 

Furthermore, follow Zhu ( [Zlj . [Z2j ) to define a linear map 

: V {EndV)[[x,x-^]] 

by 

=y(e^^(°)t;,e^-l) for v e V. (5.12) 

The following slightly generalizes Zhu's change-of- variables theorem from vertex 
operator algebras to nonlocal vertex F-graded algebras (cf. [ZT], [Z2j): 

Proposition 5.6. Let V be a nonlocal vertex T-graded algebra. Then (y,Y[-,x], 1) 
carries the structure of a nonlocal vertex algebra. Furthermore, if V is a vertex 
algebra, {V,Y[-,x], 1) is also a vertex algebra. 

Proof. For f G V, we have 

Y[l, x]v = F(e"^(°h, - l)v = ¥{1, - l)v = v, 

Y[v,x]l = y(e"^(°)w,e" - 1)1 = e^^'-^) V^^i; G V[[x]] 
and lim^_>.o Y[v, x]l = v. Let u,v,w E V. We have 

Y[u, xo + X2]Y[v, X2]w = y (e(^o+^2)L(o)^^ ^xo+x^ _ i)y (g^^^W^;, - l)w, 
Y[Y[u, xo]v, X2]w = F(e^^^(°)F(e^'«^(°)M, - l)v, e^'^ - l)w 

= r(r(e(^2+^°)^(°)M, e^'2(e^'o - l))e''^^^'^^v, e^'^ - l)w. 

Since e^^°~^^'^^^^^'>u G K®C[[xo,X2]] and e^'-'^^'^^v G V"®C[[x2]], there exists a nonneg- 
ative integer / such that 

{zo + Z2)'l"(e(^o+^2)^(°)M, zo + Z2)Y{e''^^^^^v, Z2)w 
= {zo + Z2)'V'(r(e("^+"«)^(°)u, 2o)e"^'^(°)i;, Z2)w. 
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Then by substituting zq = e^^{e^° ~ Z2 = e^'^ — 1 we obtain 

(gW2 _ i)iY[u,Xo + X2]Y[v,X2]w = - iyY[Y[u,Xo]v,X2\w, 

noticing that (^e^o+x2_i^ _ ^^2(^^x0 _i^_^(^gX2 As e^°^^^ — 1 = {xo+X2)g{xo+X2) 
for some g{x) G C[[x]] with g{0) = 1, after cancellation we get 

(Xo + X2yY[u, Xq + X2]Y[v, X2]'W = {xq + X2)'F[F[m, Xo]v, X2]w. 

This proves that (y, y[-,a;], 1) carries the structure of a nonlocal vertex algebra. 

Now, assume that \^ is a vertex algebra. We shall prove that (V,y[-,x],l) 
is also a vertex algebra by establishing weak commutativity. Let u,v G V. As 

ffL{Q)^^ ^xL{o)^ ^ C[[x]], there exists e N such that 

{y, - y2fY{e^^'^^'\,y,)Y{e'-'^^'\,y2) 
= {y, - y2)'Y{e^^^^^^v,y2)Y{e^^^^^\y,). 

Then 

(e^i - e^2)^y(e^^^(°)M,e^i - l)r (e^^^^^^t;, e^^ - 1) 
= (e^'i - e^2)'=y(e^2-^(°)t;, e^^ - l)Y{e'''^'-^^u, e"^ - 1). 

That is, 

{e"^ -e''^fY[u,xi]Y[v,X2] = (e^^ - e''^)''Y[v,X2]Y[u,xi]. 
Writing e^^ - e^^ = (^xi - X2)f{xi,X2), where f{xi,X2) = En>i ^^^S"' ^et 

{Xi-X2)''f{Xi,X2)''Y[u,Xi]Y[v,X2] = {Xi-X2)''f{xi,X2)''Y[v,X2]Y[u,Xi]. 

As f{xi,X2Y is invertible in C[[xi,X2]], by cancellation we obtain 

[xi - X2)^Y[u, Xi]Y[v, X2] = {Xi - X2)''Y[v, X2]Y[u, Xl]. 

Therefore, (V,y[-,x], 1) is a vertex algebra. □ 

Remark 5.7. Let (V, Y, 1, a;) be a vertex operator algebra of central charge £ G C. 
Set u = CO — ^1. It was proved in [Zlj (cf. |Huj ) that (V,y[-,a;], l,a;) is a vertex 
operator algebra isomorphic to (V, Y,l,u). 

The following is the main result of this section: 

Proposition 5.8. Let V be a nonlocal vertex Z-graded algebra and let {W, Yw) be a 
(resp. quasi) module for V viewed as a nonlocal vertex algebra. For v G V, set 

Xw{v,x) = Yw{x^^'^^v,x) G Rom{W,W{{x))) C {EndW)[[x, x'^]]. (5.13) 

Then (W,X\y) carries the structure of a (p- coordinated (resp. quasi) module with 
(j){x, z) = xe^ for the nonlocal vertex algebra (V, Y[-, x],l). 
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Proof. First, as V is Z-graded, we have X\y{v,x)w = Y]y{x^^'^^v,x)w G W{{x)) for 
V & V, w & W. Second, as L{0)1 = (with 1 G V(o)) we have 

Xw(l,x) =Yw(x^^'^h,x) 



Ywil,x) 



Furthermore, let u,v G [x2, X2 J, it is 

clear that there exists a nonzero power series p{xi,X2) G C[[xi,X2]] such that 

p{xi,X2)Xw{u,Xi)Xw{v,X2) G Hom(W, W^((xi,X2))). 

On the other hand, there exists a nonzero power series q{xi,X2) G C[[xi,X2]] such 
that 



g(a;i, X2)lV((x2e^«)^(°)M, xOlVlxJ^^^t;, X2) G Hom(iy, ((xi, X2))) [[xq]]. 



and 



= X2 + Z 



^g(xi, X2)lV((x2e"°)^(°^M, xi)ny(x2 ^"^i;, X2)) 

= g(x2 + 2,X2)lV(F((x2e"«)^(°)M,z)x^(°)t;,X2). (5.14) 
We are going to apply substitution z = X2(e^° — 1). Note that for any m G Z, 



[ix2 + z)"'\^=X2{e 

4"E 



i>0 ^ ^ 



m-i t f xo 



1)^ 



i>0 



Then 



g(xi, X2)Fi^((x2e"")^(°)M, Xi)y;^(x2 ^"^t;, X2)) 
q{x„X2)Y^{x',^%, x,)Y^{xi^%, X2)) U,..,e^o , 



■'X2+Z 



1 2=2:2(e^o — 1) 



while 

g(x2 + Z, X2)Yw (^y((x2e'''')^(°^M, z)xi^°K, X2 U=^2(e-o-l) 

= g(x2e^\x2)FvK (y((x2e"°)^(°)M, X2(e"° - l))x2^°^t;, X2) 

= g(x2e^«,X2)FvK (xs ^°V(e^«^(°)M, 6^° - l)t;,X2) 
= q{x2e''\x2)Xw{Y[u,xo]v,X2). 
Consequently, by fl5.14p we obtain 

(g(Xi, X2)Xw{u, Xi)Xw{v, X2)) \xi=X2e-o 

= q{x2e''°,X2)Xw(Y[u,xo]v,X2). 

This proves that (W, X]y) carries the structure of a 0-coordinated quasi module 
with (f){x, z) = xe^ for the nonlocal vertex algebra (V, Y[-, x], 1). From the proof, it 
is also clear for the non-quasi case. □ 



27 



Remark 5.9. Let V he a vertex Z-graded algebra and let {W, IV) be a module for 
V viewed as a nonlocal vertex algebra. Combining Propositions 15.81 and 15.21 we have 



[Xwiu,Xi),Xw{v,X2)] = Res^.o5 j^— — J Xw iY[u,Xo\v,X2) (5.15) 

for u,v & V. This recovers a result of Lepowsky ( |Le3] . Theorem 3.1). In fact, it 
was the formal (unrigorous) relation (2.18) in |Le3] that motivated the study in this 
section. 
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